We study the dynamics and perturbations during inflation and reheating in a multi-field model where a second scalar field χ is nonminimally coupled to the scalar curvature ( 1 2 ξRχ 2 ). When ξ is positive, the usual inflationary prediction for large-scale anisotropies is hardly altered while the χ fluctuation in sub-Hubble modes can be amplified during preheating for large ξ. For negative values of ξ, however, long-wave modes of the χ fluctuation exhibit exponential increase during inflation, leading to the strong enhancement of super-Hubble metric perturbations even when |ξ| is less than unity. This is because the effective χ mass becomes negative during inflation. We constrain the strength of ξ and the initial χ by the amplitude of produced density perturbations. One way to avoid nonadiabatic growth of super-Hubble curvature perturbations is to stabilize the χ mass through a coupling to the inflaton. Preheating may thus be necessary in these models to protect the stability of the inflationary phase.
Multi-field inflationary scenarios have received much attention for the generality of inflation and preheating. In fact, density perturbations in multi-field models were analytically derived by several authors in the scheme of the slow-roll approximation [10] . In the presence of more than two scalar fields, large-scale curvature perturbations are not necessarily conserved due to the existence of isocurvature perturbations. In the context of scalar-tensor gravity theories, several authors [11, 12] studied density perturbations in the two-field system where there exists a BransDicke or dilaton field in addition to inflaton. In particular, García-Bellido and Wands [12] constrained parameters of the gravity theories by comparing the predicted spectral index with observational datas. In addition to this, since the higher-dimensional generalized Kaluza-Klein theories [13] also give rise to a dilaton field by reducing the effective four-dimensional theories, it is worth investigating to predict the primordial power spectrum in the presence of inflaton in generalized Einstein theories from a cosmological point of view. In this respect, Berkin and Maeda [14] studied the new and chaotic inflationary models with a dilaton potential U (σ) = 0, and constrained the parameters of models by produced density perturbations. Multiple scalar fields also play important roles in the assisted inflation with exponential potentials [15] . This scenario was recently extended to the assisted chaotic inflation induced by higher-dimensional theories [16] , and density perturbations were calculated in Ref. [17] .
In preheating era, scalar fields coupled to inflaton can be resonantly amplified, which is typically more efficient than in the single-field case. It was also pointed out that there is also an interesting possibility that super-Hubble metric perturbations will be excited due to the growth of field perturbations [18] [19] [20] . Since growth of metric perturbations can be expected as long as scalar fields are not severely damped in the inflationary period [21, 22] and are enhanced during preheating, it is important to take care the dynamics of scalar fields during inflation. When the effective mass of scalar fields is heavy relative to the Hubble parameter H, long wave modes of field fluctuations exhibit exponential decrease during inflation [21] . In contrast, "light" fields such as inflaton whose masses are smaller than H are hardly affected by the inflationary suppression [19] , and can lead to the enhancement of super-Hubble metric perturbations in preheating era if they are amplified by parametric resonance [20] . In this respect, one of the present authors recently investigated the evolution of field and metric perturbations in the presence of a dilaton field with quadratic inflaton potential [23] , and found that the curvature perturbation in cosmological relevant modes remains almost constant in this model (Candelas Weinberg model, see Ref. [24] ), including the backreaction effect of created particles.
From the viewpoint of quantum field theories in curved spacetime, nonminimal couplings naturally arise, with their own nontrivial renormalization group flows. The ultra-violet fixed point of these flows are often divergent, implying that nonminimal couplings may be important at high energies [25] . In the single-field case with a nonminimally coupled inflaton field, Futamase and Maeda [26] studied the dynamics of chaotic inflation, and found that the nonminimal coupling is constrained as |ξ| < ∼ 10 −3 in the quadratic potential, by the requirement of sufficient amount of inflation.
On the other hand, such a constraint is absent in the self-coupling potential for negative ξ, and as a bonus, the fine tuning problem of the self-coupling λ in the minimally coupled case can be relaxed by large negative values of ξ [27, 28] . Several authors evaluated scalar and tensor perturbations generated during inflation [29] [30] [31] and preheating [8] in this model. Since the system is reduced to the single-field model with some modified inflaton potential by a conformal transformation, the super-Hubble curvature perturbation remains almost constant, while metric preheating is found to be vital in sub-Hubble scales [8] .
In the multi-field model with inflaton and a nonminimally coupled scalar field χ, it was found that χ particles can be efficiently produced during inflation when ξ is negative in the unperturbed Friedmann-Robertson-Walker background [32] . The dynamics of scalar fields strongly depends on the coupling ξ. In fact, although the exponential suppression of super-Hubble χ modes will take place for positive ξ due to large effective mass relative to the Hubble rate, they can grow exponentially by negative instability for ξ < 0. Then it is expected that negative nonminimal coupling may lead to the enhancement of super-Hubble metric perturbations during inflation. In addition to this, it is of interest how metric preheating proceeds in large scales, since the χ fluctuation can also be amplified by parametric resonance when |ξ| is greater than of order unity [33, 34] . In this paper, motivated by above considerations, we will make precise analysis about the evolution of field and metric perturbations during inflation and preheating in the presence of a nonminimally coupled scalar field χ. We believe that our study will be important in the sense that we can constrain on the strength of nonminimal coupling by the COBE normalization. In the case where the power spectrum exceeds the observational upper bound by negative nonminimal coupling, we will give one escape route from nonadiabatic growth of super-Hubble metric perturbations.
II. THE MODEL AND BASIC EQUATIONS
We investigate a model where a massless scalar field χ is nonminimally coupled with the scalar curvature R in the presence of an inflaton field φ:
pl is a gravitational coupling constant, and ξ is a nonminimal coupling. In this paper, we adopt the quadratic potential for inflaton,
The variation of the action Eq. (2.1) yields the following field equations:
where a prime denotes the derivative with respect to φ.
Let us consider the perturbed metric in the longitudinal gauge around a Friedmann-Lemaître-Robertson-Walker (FLRW) background
with a(t) the scale factor, and Φ, Ψ are gauge-invariant potentials [3] . Decomposing scalar fields into ϕ J (t, x) → ϕ J (t) + δϕ J (t, x) (J = 1, 2), where ϕ J (t) are homogeneous parts and δϕ J (t, x) are gauge-invariant fluctuations, we obtain the following background equations for the Hubble parameter H ≡ȧ/a and scalar fields ϕ J (t): 10) where the scalar curvature R is given by
The Fourier modes of the linearized perturbed Einstein equations are written as [9] 
13)
14)
with
Note that Φ k and Ψ k do not coincide in the nonminimally coupled case, due to the nonvanishing anisotropic stress.
In the absence of the nonminimally coupled χ field (i.e. single-field case), there exists a conserved quantity [3] . During reheating phase, although entropy perturbations can be produced whenφ periodically passes through zero, curvature perturbations in superHubble scales are typically conserved in single-field models [6] including the nonminimally coupled inflaton case [8] .
Even in generalized Einstein theories including scalar-tensor and higher-curvature gravity theories, it was found that the conserved structure in large scales still holds in the single-field case [9] . Due to this adiabaticy of the curvature perturbation, we only take care the perturbation at the first Horizon crossing in order to evaluate the inflationary power spectrum.
In the multi-field case, however, the curvature perturbation on uniform-density hypersurfaces [9] , 17) includes the isocurvature perturbation [10] [11] [12] , which can vary nonadiabatically during inflation and reheating. In fact, in the present model, since the homogeneous χ and the δχ k fluctuation in small k-modes can be strongly excited for negative ξ as is found in Eqs. (2.10) and (2.15), this will stimulate the growth of super-Hubble metric perturbations and produce entropy perturbations. On the other hand, for positive ξ, it is expected that long-wave χ modes will exponentially decrease during inflation due to the large effective χ mass relative to the Hubble rate [21, 22] , which may not lead to the nonadiabatic growth of curvature perturbations on super-Hubble scales even if field fluctuations will exhibit parametric amplifications in reheating phase. In the next section, we will make a detailed analysis about the dynamics of field and metric perturbations during inflation and reheating.
III. COSMOLOGICAL PERTURBATIONS DURING INFLATION AND REHEATING
Let us first review the dynamics of inflation with potential (2.2) in the absence of the nonminimally coupled χ field.
Neglecting theφ term in Eq. (2.7) and theφ term in Eq. (2.9), we obtain the following approximate relation during inflation:
Combining these relations is to give Eq. (3.3), the expansion rate slows down, which is followed by the oscillating stage of inflaton. In order to solve several cosmological puzzles of the standard big bang cosmology, the number of e-foldings N ≡ ln(a/a(0)) is required to be N > ∼ 55, by which the initial value of inflaton is constrained as φ(0) > ∼ 3m pl . The inflationary period ends when
2 grows of order unity, which corresponds to φ ∼ 0.3m pl .
If nonminimal coupling is taken into account, the dynamics of inflation can be changed. 
where a prime denotes the derivative with respect to the conformal time. This solution can be expressed by the combinations of the Hankel functions H
:
where the order ν of the Hankel functions is given by The Hankel functions take the following form in the limit of kη → 0 [35] :
where Γ(ν) is the Gamma function with order ν. Taking notice of the relation η ≈ −1/(aH) during inflation, we easily find from Eq. (3.5) that long-wave δχ k modes exponentially increase as δχ k ∼ a ν−3/2 when ν > 3/2. This case corresponds to the negative ξ by Eq. (3.6), leading to the particle creation during inflation by negative instability as noted in Ref. [32] . This efficient particle production for low momentum modes is expected to enhance metric perturbations for wavelengths larger than the Hubble radius, due to the increase of the rhs of Eq. (2.13). This will also stimulate the growth of field perturbations as expected by Eqs. Hubble metric perturbations will not be strongly amplified even taking into account the parametric amplification of χ and δχ k modes during preheating as shown in Ref. [21] in the model of
Before analyzing the dynamics of the system, we should mention initial conditions of field fluctuations. For positive frequency ω 2 k > 0, we typically choose the conformal vacuum state
However, in de Sitter background with nonminimal coupling, the frequency of scalar fields can take negative values.
Hence we adopt the de Sitter invariant vacuum state given by [36] 
In the case of k a (η 0 )/a(η 0 ), this takes the similar form as the conformal vacuum state, while mode functions depend on the choice of the vacuum for small k. However, in the context of the inflationary power spectrum, it is known that different choice of initial conditions has little affect on the results [3] .
In what follows, we numerically study the evolution of scalar fields and super-Hubble metric perturbations for positive and negative values of ξ during inflation and reheating, and also investigate the case where the coupling between φ and χ (
is introduced at the end of this section.
A. Case of ξ > 0
Let us first consider the minimally coupled case (ξ = 0) before analyzing the positive ξ case. In this case, the inflationary period proceeds as in the single-field case, as long as χ is initially small relative to inflaton. We plot in 
remains almost constant on large-scales as is clearly seen in Fig. 1 .
When the system enters the reheating stage,φ periodically passes through zero, during which entropy perturbations can be produced [18] . Nevertheless, this process is not strong enough to lead to the overall increase of ζ k and Φ k in super-Hubble modes (see Fig. 1 ). Not only scalar field fluctuations for low momentum modes are not relevantly amplified, but metric preheating is inefficient on large scales for ξ = 0.
Let us define the power-spectrum of ζ k as
Assuming that ζ k remains conserved in cosmological scales until it reenters the Hubble length in the matter-dominant stage, the power spectrum at the end of inflation [= P ζ k (t e )] can be related with the density perturbation δ H (k) at the horizon reentry as [3, 12] 
For the inflaton mass m ∼ 10 −6 m pl regulated by CMB observations, numerical calculations giveζ k ≈ 2.4 × 10 −4 at the end of inflation. Then we obtain the density perturbation as δ H (k) ≈ 2 × 10 −5 by the relation (3.11). after which the system enters the reheating stage. In this case, since the system is effectively identical with the single-field case,ζ k is conserved. Inset: The evolution of field perturbations
For positive ξ, χ and long-wave δχ k modes exponentially decrease during inflation. This decreasing rate strongly depends on the strength of the coupling ξ. When 0 < ξ < 3/16, the order ν of the Hankel function is in the range of 0 < ν < 3/2, and long-wave δχ k modes evolve as δχ k ∼ a −(3/2−ν) . In Fig. 2 , we plot the evolution of As is found in Eq. (2.11), the scalar curvature reduces with the decrease of inflaton, unless the χ field is amplified.
When the kinetic term of inflaton becomes comparable to its potential energy, the scalar curvature begins to oscillate due to the oscillation of inflaton. It is well known that χ particles coupled to φ can be nonperturbatively produced by parametric resonance during preheating era [5] . In the present model, we can also expect the amplification of the δχ k fluctuation due to the oscillating scalar curvature. This geometric preheating scenario was studied in Ref. [33, 34] neglecting metric perturbations. In Fig. 2 
ξ, the growth rate of δχ k gets gradually larger, leading to the efficient particle production. Nevertheless, as deeply studied in Ref. [34] , larger values of ξ do not necessarily result in the larger amount of the final fluctuation, due
to the suppression effect of the χ particle production itself. In fact, the final variance takes the maximum value at ξ = 100 ∼ 200 [34] . This indicates that long-wave δχ k fluctuations are still much smaller relative to inflaton fluctuations even in the case of ξ > ∼ 100 because of the very small amplitude at the end of inflation. As a result, the existence of the preheating era does not lead to the enhancement of super-Hubble metric perturbations, whose source terms in the rhs of Eq. (2.13) are completely dominated by the inflaton-dependent term. We have numerically checked that the curvature perturbation ζ k and metric perturbations Ψ k , Φ k on large scales exhibit the same behavior as shown in Fig. 1 , as long as the initial value of χ at the onset of inflation is much smaller than φ. As a result, the adiabatic picture of large-scale cosmological perturbations in the single-field case still holds even during preheating in the presence of the positive nonminimal coupling. We should mention the evolution of δχ k and Ψ k , Φ k in sub-Hubble modes during preheating. For large k-modes, the adiabatic solution for the δχ k fluctuation is estimated by Eq. (3.8) as 12) wherek ≡ k/(ma I ) with a I the scale factor at the beginning of preheating. Since sub-Hubble modes correspond to
, which is not strongly suppressed compared with the super-Hubble case. Then the growth of the total variance Ref. [21] , which we do not consider in this paper. Since the rhs of Eq. (2.14) can be negligible and the resonant term is absent in the lhs, the inflaton fluctuation is also hardly amplified as is found in Fig. 3 even in the presence of metric perturbations.
For positive ξ, we conclude that the curvature perturbation in cosmologically relevant scales is conserved during inflation and preheating as long as χ is initially small relative to φ. 
B. Case of ξ < 0
Let us next proceed to the case of negative ξ. In this case, χ and long-wave δχ k modes can be enhanced during inflation by negative instability as is found by Eqs. (2.10) and (2.15). The analytic estimation of Eq. (3.5) which neglects metric perturbations includes the following growing solution in small k-modes: In Fig. 4 , we plot the evolution of the homogeneous φ and χ fields for ξ = −0.05 with initial values φ(0) = 3m pl and χ(0) = 10 −3 m pl . The negative nonminimal coupling leads to the growth the χ field, which catches up the φ field for mt ≈ 10. In the initial stage where φ is larger than χ, the dynamics of inflation is approximately described by Eqs. (3.2) and (3.3) . However, after χ exceeds φ for mt > ∼ 10, these relations can no longer be applied. With the increase of χ, the potential V (φ) becomes gradually unimportant relative to χ-dependent terms in Eq. (2.7) and the 1/(1 − ξκ 2 χ 2 ) factor also gets smaller, the Hubble expansion rate decreases faster than in the ξ = 0 case. Then inflation ends at mt e ≈ 13 with the e-folding number N ≈ 42. Note that these values are smaller than in the minimally coupled case, mt e ≈ 20 and N ≈ 58. Since the decrease of the scalar curvature R = 6(2H 2 +Ḣ) is accompanied by the decrease of H, the growth of the χ field typically becomes irrelevant after the inflationary period terminates (see Fig. 4 ). We show in the inset of Fig. 4 the evolution of φ and χ for ξ = −0.005. In this case, the χ field is hardly amplified, which results in almost the same dynamics of inflation as in the ξ = 0 case. .14) and (2.15)]. We can easily confirm that numerical calculations coincide with the analytic result (3.14) fairly well.
In the perturbed metric case, the evolution of the δχ k fluctuation is almost the same as in the unperturbed metric case except for the final short stage of inflation, which indicates that the ξR term in the lhs of Eq. 
Since the enhancement of the χ field is weak for |ξ| < ∼ 0.02, ζ k remains constant during inflation. For |ξ| > ∼ 0.02, the rapid growth of χ makes the inflationary period terminate earlier as confirmed in TABLE I. This leads to the smaller amount of inflation with the increase of |ξ|. For example, when ξ = −1, the system soon enters the reheating stage after only 4 e-foldings. We have to caution that large |ξ| does not necessarily yield the larger values of χ and ζ k at the end of inflation, because the duration of inflation gets shorter. In fact, ζ k decreases with the increase of |ξ| for |ξ| > ∼ 0.05, although large |ξ| also leads to the distortions in the anisotropies of CMB. The important point is that the successful inflationary scenario can be completely violated with the existence of the large negative nonminimal coupling. The background equations for the scale factor and inflaton are obtained by changing
and (2.9). The homogeneous χ and the δχ k fluctuation satisfÿ
Then the effective mass of the χ and super-Hubble δχ k modes are given by . If the coupling between φ and χ is greater than of order 10 −3 , the χ particle production during inflation discussed in Ref. [32] will be irrelevant. When g > ∼ 10 −3 , since the g effect is typically dominant relative to the negative nonminimal coupling unless |ξ| is unnaturally large, χ particles are created during preheating in the usual manner due to the g resonance [5] . Since long-wave χ modes are exponentially suppressed during inflation for the case of g 7.1 × 10 −6 |ξ|, the existence of the preheating era does not lead to the amplification of super-Hubble metric perturbations, which provides the standard conservation law of large-scale curvature perturbations.
IV. CONCLUSIONS
We have studied the dynamics and perturbations in the multi-field inflation with a nonminimally coupled χ field.
When the coupling ξ is positive, χ and long-wave δχ k fluctuations are exponentially suppressed in de Sitter background.
In this case, the existence of the χ field hardly affects the dynamics of inflation, and the ordinary adiabatic scenario in large-scale curvature perturbations is not modified as long as χ is initially small relative to inflaton. Although χ fluctuations grow by parametric resonance during preheating after inflation for large values of ξ( 1), this process is not sufficient to enhance super-Hubble metric perturbations, since the inflationary suppression is strong.
In contrast, negative nonminimal coupling can lead to the strong inflationary χ particle production in long-wave modes. This exponential increase of the χ fluctuation makes super-Hubble metric perturbations grow too, which violates the standard conservation property of large-scale curvature perturbations in adiabatic inflation models. We find that even the coupling |ξ| less than unity yields the exponential growth of the χ fluctuation in small k-modes, which terminates the inflationary period earlier than in the minimally coupled case. This effect reduces the total amount of inflation (e-foldings), in addition to the nonadiabatic increase of super-Hubble curvature perturbations.
Large values of |ξ| greater than unity make the inflationary phase very short, whose amount of inflation is typically insufficient for the success of the inflationary scenario. We have constrained on the strength of negative nonminimal coupling by two requirements that the large-scale curvature perturbation is almost conserved and the number of e-foldings satisfies N > 55. Since the evolution of the χ fluctuation depends on its initial value at the beginning of inflation, we examined the allowed regions in two-dimensional plots of ξ and χ(0). With the increase of |ξ|, we require smaller values of χ(0) for the successful inflationary scenario. When |ξ| > ∼ 1, we find that strong enhancement of large-scale curvature perturbations is inevitable even for very small values of χ(0).
As one escape route from nonadiabatic growth of super-Hubble metric perturbations, we considered the interaction There are other issues which we did not address in this paper. Since negative nonminimal coupling works to violate the scale-invariance of the CMB spectrum, we should also consider the spectral index to constrain the strength of ξ by observations. In the single-field case, the spectral tilts are evaluated in generalized Einstein theories in Ref. [30] , which may be interesting to extend to the multi-field case including the nonminimally coupled χ field. In addition to this, although we did not consider backreaction effects in this paper, detailed studies including second order metric perturbations [38] will be needed toward complete understanding of the multi-field inflation and preheating. These issues are left to future works. 
